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INTRANSITIVE SELF-SIMILAR GROUPS
ALEX C. DANTAS, TULIO M. G. SANTOS, AND SAID N. SIDKI
Abstract. A group is said to be self-similar provided it admits a
faithful state-closed representation on some regularm-tree and the
group is said to be transitive self-similar provided additionally it
induces transitive action on the first level of the tree. A standard
approach for constructing a transitive self-similar representation
of a group has been by way of a single virtual endomorphism of
the group in question. Recently, it was shown that this approach
when applied to the restricted wreath product Z ≀ Z could not
produce a faithful transitive self-similar representations for any
m ≥ 2 (see, [8]). In this work we study state-closed representations
without assuming the transitivity condition. This general action
is translated into a set of virtual endomorphisms corresponding to
the different orbits of the action on the first level of the tree. In
this manner, we produce faithful self-similar representations, some
of which are also finite-state, for a number of groups such as Zω,
Z ≀ Z and (Z ≀ Z) ≀ C2.
1. Introduction
Self-similar groups have been given directly as automorphism groups
of somem-tree , as is the case of the infinite torsion group of Grigorchuk
[11] and those of Gupta-Sidki [13], or constructed to act on such trees
by way of a single virtual endomorphism. However these constructions
necessarily produce transitive self-similar groups, in the sense that the
corresponding state-closed group of automorphisms of the m-tree sat-
isfies the additional property of acting transitively on the first level of
the tree.
Transitive state-closed representations have been studied for the fam-
ily of abelian groups, finitely generated nilpotent groups, as well as
for metabelian groups, affine linear groups and arithmetic groups; see
[2],[3], [15], [16] for more details.
It was shown recently that the group G = Z≀Z fails to have a faithful
transitive state-closed representation on an m-tree for any m [8]. Yet
as we will prove, this group admits a faithful intransitive state-closed
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representation on the 3-tree. Indeed, in this representation the group
is a 3-letter, 3-state automata group; it has the following diagram
e
α γ
0|0, 1|1, 2|2
1|0
0|1, 2|2
2|2
0|0
1|1
Diagram 1
Given a self-similar group G we will prove a number of results about
self-similarity of its over-groups from the following types:
(1) restricted direct product G(ω) of countably many copies of G;
(2) restricted wreath product G ≀ K where K is finite; restricted
wreath product A ≀ G where A is abelian, both finitely and infinitely
generated, and for particular cases where G is abelian.
The two types of groups in item (2) are in accord with Gruenberg’s
dichotomy of residually-finite wreath products [12]. Our results extend
ones which have appeared in [2] and [8].
Given a state-closed subgroup G of automorphisms of the m-tree in-
dexed by strings from a set Y of size m, a G-data (m,H,F) is obtained
as follows: suppose G have s orbits Yi = {yi1, ..., yimi} in its action on
Y then m =(m1..., ms). Define the set of subgroups
H = {Hi | [G : Hi] = mi ( 1 ≤ i ≤ s)}
where Hi = FixG (yi1); define the set of projections
F = {fi : Hi → G | 1 ≤ i ≤ s} .
On the other hand, given a group G, an s- set of subgroups of G
H = {(Hi | [G : Hi] = mi ( 1 ≤ i ≤ s))} ,
m =(m1..., ms) , m = m1 + ...+ms
and a set of virtual endomorphisms
F = {fi : Hi → G | 1 ≤ i ≤ s} ,
we have an abstract G-data (m,H,F). We prove reciprocally
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Proposition A. Given a group G, m ≥ 1 and a G-data (m,H,F).
Then the data provides a state-closed representation of G on the m-tree
with kernel
〈K 6 ∩si=1Hi | K ⊳ G,K
fi 6 K, ∀i = 1, ..., s〉,
called the F-core of H .
The partition m = (m1, ..., ms) is called the orbit-type of the repre-
sentation.
We apply the Proposition A to obtain families of self-similar groups.
Theorem B. Let G be a self-similar group of degree m and orbit-type
(m1, .., ms). Then the following hold.
1) G(ω) admits a faithful state-closed representation of degree m+1
and orbit-type (m1, .., ms, 1); in particular, for G = Z , the
representation of the group Z(ω) is of orbit-type (2, 1) , and is in
addition finite-state.
2) Let K be a regular subgroup of Sym({1, ..., s}). Then the re-
stricted wreath product G ≀K admits a faithful state-closed rep-
resentation of degree (m1 ·m2 · ... ·ms) · s.
With respect to the first item, for any positive integer k, the direct
product group Gk is self-similar of degree m. It was shown in [2] that
the group Z(ω) has a faithful transitive self-similar representation of
degree 2, moreover and importantly, no such representation can also
be finite-state for any degree. As a consequence of the tree-wreathing
operation defined by Brunner and Sidki [7] and by using k-inflation, the
group Z ≀Z is self-similar of orbit-type (2, 1); see Diagram 1 . Then, by
the second item of Theorem B, it follows that (Z ≀Z) ≀C2 is a self-similar
group of degree 4.
Restricted wreath products A ≀ G for A abelian and G = Zd have
been a good source for automata groups. The first instance in this
family is the classical Lamplighter group C2 ≀ Z. It was shown in [8]
that if A ≀ Zd admits a faithful transitive self-similar representation
then A is necessarily a torsion group of finite exponent. Also, it was
proven in [2, Proposition 6.1] that when B is a finite abelian group,
then B ≀ Zd is an automata group of degree 2|B|.
We generalize both results as follows
Theorem C. Let A be a finitely generated abelian group and B =
Tor(A). Then G = A ≀ Zd is an automata group of degree 2|B|+ 4. In
particular, for A = Zl, the degree can be reduced to 4.
The theorem will follow from a general process of concatenation (see
Proposition 5.2) of the two cases G1 = B ≀ Z
d and G2 = Z
l ≀ Zd. We
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note that the result for Z ≀Z answers positively a question posed by A.
Woryna in [23, page 100].
It was shown in [9] that the group Cp ≀Z
d where Cp is cyclic of prime
order p and d ≥ 2 is self-similar of degree p2, but that such a group
does not have a faithful transitive state-closed representation of prime
degree. In this context we prove:
Theorem D. Let p a prime number then Cp ≀Z
2 is a self-similar group
of degree p+ 1 of orbit-type (p, 1). Indeed, Cp ≀ Z
2 is generated by α =
(α, ασ, ..., ασp−1, αβ), σ = (e, ..., e, σ)(0 1 ...p− 1) and β = (e, ..., e, α).
In particular, the group C2 ≀ Z
2 is self-similar of degree 3.
Let f : H → G be a virtual endomorphism. Set G0 = G and
Gn = G
f−1
n−1 for all n ≥ 1. Define the parabolic subgroup Gω = ∩j≥0Gj.
Let Gω \ G denote the set of right cosets Gω in G, let A
(Gω\G) = {φ :
Gω\G→ A of finite support } and have g ∈ G act on it by translation.
The following result was proven for transitive self-similar groups in [2].
Proposition. (Proposition 6.1) Let G be a transitive self-similar group
of degree m and parabolic subgroup Gω, and let B be a finite abelian
group. Then the extension B(Gω\G) ⋊ G is transitive self-similar of
degree |B|m, and is finite-state whenever G is.
Let G be a state-closed group with respect the data (m,H,F), where
m = (m1, ..., ms), with m1 ≥ 2, ..., ms ≥ 2. For each i = 1, ..., s define
Gi0 = G, Gij = (Gi(j−1))
f−1i (j > 0) and Gωi = ∩j≥0Gij. With this
notation we have:
Theorem E. Let B be a finite abelian group and G be a self-similar
group of orbit-type (m1, ..., ms), with m1 ≥ 2, ..., ms ≥ 2. Then the
group
B((Gω1\G)×...×(Gωs\G)) ⋊Gs
is self-similar of orbit-type (|B|.m1...ms, 1).
A question which has remained open is whether the group C2 ≀ (Z ≀Z)
is self-similar.
2. Preliminaries
2.1. Groups acting on rooted m-trees. The vertices of a rooted
m-tree Tm are indexed by strings from an alphabet Y of m ≥ 1 letters,
ordered by u < v provided the string v is a prefix of u. The tree Tm is
also denoted as T (Y ); normally, we chose to take Y = {0, 1, ..., m− 1}.
Given a group and a representation of it on Tm we say both the group
and its representation have degree m.
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The automorphism group Am, or A (Y ), of Tm is isomorphic to the
restricted wreath product recursively defined as Am = Am ≀ Sm, where
Sm is the symmetric group of degree m. An automorphism α of Tm
has the form α = (α0, ..., αm−1)σ(α), where the state αi belongs to Am
and where σ : Am → Sm is the permutational representation of Am
on Y , the first level of the tree Tm. Successive developments of the
automorphisms αi produce αu for all vertices u of the tree. For k ≥ 1,
the action of α on a string y1y2...yk ∈ Y
k is as follows
α : y1y2...yk 7→ (y1)
σ(α) (y2...yk)
αy1 .
This implies that α induces an automorphism αk on them
k-tree T
(
Y k
)
and the above action on k-stings gives us a group embedding A (Y )→
A
(
Y k
)
which we call k-inflation.
For α ∈ A (Y ), the set of automorphisms
Q(α) = {α, α0, ..., αm−1} ∪
m−1
i=0 Q(αi)
is called the set of states of α and this automorphism is said to be
finite-state provided Q(α) is finite. A subgroup G of Am is state-closed
(or, self similar) if Q(α) is a subset of G for all α in G. More generally,
a subgroup G of Am is kth-level state-closed if for all α ∈ G, the
states αu belong to G for all strings u of length k; we see then that the
k-inflation of G is state-closed. A group which is finitely generated,
state-closed and finite-state is called an automata group.
2.2. Virtual endomorphisms. Given a subgroup H of G of finite
index m, a homomorphism f : H → G is called a virtual endomorphism
of G. A subgroup K of H is f -invariant provided Kf ⊆ K. The
maximal subgroup of H which is both f -invariant and normal in G is
called the f -core of H ; if this subgroup is trivial then f is said to be
simple. If G is a self-similar subgroup of Am, then for H = FixG(0),
the subgroup stabilizer of the vertex 0 ∈ Y , we have the projection
f : H → G which can be seen to be simple.
Let G be a group, H a subgroup of G of finite index m with right
transversal T = {t0, ..., tm−1} in G. Then the induced permutation
representation σ of G on T is transitive and we define the Scheier
function θ : G× T → H by θ (g, ti) = tig(tj)
−1 where Htj = Htig.
2.3. Recursive Kaloujnine-Krasner. The Kaloujnine-Krasner The-
orem [14] provides us with an extension of σ to a representation ϕ :
G→ H ≀Gσ defined by
ϕ : g 7→ (θ (g, t0) , ..., θ (g, tm−1))g
σ.
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On applying the virtual endomorphism f to θ (g, ti), we obtain θ (g, ti)
f
∈ G which allows us to repeat the above representation ϕ to this ele-
ment. Thus the Kaloujnine-Krasner representation extends recursively
to a representation on the m-tree Tm, , indicated by the same symbol,
as follows
ϕ : g 7→
(
θ (g, t0)
fϕ
, ..., θ (g, tm−1)
fϕ
)
gσ.
The kernel of the representation ϕ is the f -core of H [18].
Given a group G,m ≥ 1 and G-data (m,H,F) we re-work the recur-
sive representation in the transitive case as follows. For each Hi choose
a right transversal Ti = {ti1, ..., timi} and let θi be the corresponding
Schreier function . Then define ϕ : G→ Am by
ϕ : g 7→
(
θi (g, t)
fiϕ | 1 ≤ i ≤ s, t ∈ Ti
)
gσ.
3. Proof of Proposition A
We reformulate the proposition more concretely as follows
Proposition A. Given a group G, m ≥ 1 and G-data (m,H,F), the
function ϕ : G→ Am defined by
g 7→
(
θi (g, t)
fiϕ | 1 ≤ i ≤ s, t ∈ Ti
)
gσ.
is a state-closed representation of G on the m-tree with kernel the F-
core of H.
Proof. Consider g and h elements of G. Clearly (gh)σ = gσhσ, so if
i ∈ Y , then
i(gh)
ϕ
= i(gh)
σ
= ig
σhσ = ig
ϕhϕ .
By induction on the length of word in Y , we have that
(iu)(gh)
ϕ
= i(gh)
σ
u(gh)
ϕi = i(gh)
σ
u(g
ϕhϕ)i = (iu)g
ϕhϕ.
Therefore ϕ is a homomorphism. By construction, Gϕ is state-closed.
Let K be the F-core of H and x ∈ K. Then xσ = 1; in fact,
kx
σ
= l if and only if Hitikx = Hitil for some i = 1, ..., s. But Hitikx =
Hix
t−1
ik tik = Htil, so k = l and x
σ = 1. Since Kfi 6 K, (θi(x, t)
fiϕ)
σ
is a
trivial permutation for all i = 1, ..., s and t ∈ Ti. So x ∈ kerϕ. Clearly
kerϕ 6 ∩si=1Hi, kerϕ ⊳ G and kerϕ
fi 6 kerϕ, ∀i = 1, ..., s. 
Proposition 3.1. The group Z ≀Z is a 3-state and 3-letter automata.
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Proof. First we prove that Z≀Z has a faithful state-closed representation
of degree 4 which we then reduced to degree 3.
By Brunner and Sidki [7, Theorem 1], if H is an abelian subgroup
of A2 and α = ((e, e), (α, e))(0 1), then 〈H˜, α〉 ≃ H˜ ≀ 〈α〉, where H˜ =
{h˜ = ((h˜, h), (e, e)) | h ∈ H}. Note that H˜ ≃ H . If H = 〈α〉, then
H˜ ≀ 〈α〉 = 〈α˜〉 ≀ 〈α〉 ≃ Z ≀ Z. Since
〈α˜〉 ≀ 〈α〉 = 〈α˜ = ((α˜, α), (e, e)), α = ((e, e), (α, e))(0 1)〉,
it follows that 〈α˜〉 ≀ 〈α〉 is level two, state-closed group.
Thus, by 2-inflation, Ψ : G→ A4
(〈α˜〉 ≀ 〈α〉)Ψ = 〈α˜Ψ = (α˜Ψ, αΨ, e, e), αΨ = (e, e, αΨ, e)(0, 2)(1, 3)〉 ≃ Z ≀Z
is a faithful state-closed representation of Z ≀ Z of degree 4.
Now note that the map
αΨ 7→ α1 = (e, α1, e)(0, 1)
α˜Ψ 7→ β = (β, e, α1)
extends to an isomorphism φ from
〈α˜Ψ = (α˜Ψ, αΨ, e, e), αΨ = (e, e, αΨ, e)(0, 2)(1, 3)〉
to
〈β = (β, e, α1), α1 = (e, α1, e)(0, 1)〉.
Therefore Z ≀Z is a 3-state and 3-letter automata, as in Diagram 1. 
We prove in Section 5 a more general form of this proposition.
4. Proof of Theorem B
Theorem B. Let G be a self-similar group of degree m and orbit-type
(m1, .., ms). Then the following hold.
1) G(ω) admits a faithful state-closed representation of degree m+
1 and orbit-type (m1, .., ms, 1); in particular, for G = Z, the
representation of the group Z(ω) is of orbit-type (2, 1) , and is in
addition finite-state.
2) Let K be a regular subgroup of Sym({1, ..., s}). Then the re-
stricted wreath product G ≀K admits a faithful state-closed rep-
resentation of degree (m1 · m2 · ... · ms) · s; in particular, the
group (Z ≀ Z) ≀ C2 is finite-state and self-similar of degree 4.
Proof. Let G be a state-closed group. By Proposition A, there is data
(m,H,F) such that H is F core-free.
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(1) The subgroup Li = {(h, g2, g3, ...) ∈ G
(ω) | h ∈ Hi} has index mi
in G(ω). For each i = 1, ..., s define the homomorphism f¯i : Li → G
(ω)
by
(h, g2, g3, ...)
f¯i = (hfi, g2, g3, ...)
and the homomorphism f¯s+1 : Ls+1 = G
(ω) → G(ω) by
(g1, g2, ...)
f¯s+1 = (g2, g3, ...).
It is clear that
〈L 6 ∩s+1i=1Li | L ⊳ G
ω, Lf¯i 6 L, ∀i = 1, ..., s+ 1〉
is trivial. By Proposition A, the group G(ω) is state-closed with respect
to the data (m¯, H¯, F¯), where m¯ = (m1, ..., ms, 1), H¯ ={L1, ..., Ls, Ls+1}
and F¯ = {f¯1, ..., f¯s, f¯s+1}.
Note that f : 2Z → Z defined by 2n 7→ n is a simple virtual endo-
morphism and therefore Z is self-similar of degree 2. Thus the group
Z
(ω) is self-similar with respect to the data ((2, 1), {L1, L2}, {f1, f2})
where f1 : (2n1, n2, ...) 7→ (n1, n2, ...) and f2 : (n1, n2, ...) 7→ (n2, n3, ...).
On defining the transversals T1 = {e, (1, 0, 0, ...)} and T2 = {e} of L1
and L2 respectively, we obtain the following representation of Z
(ω)
〈α1 = (e, α1, e)(0 1), αi = (αi, αi, αi−1) | i = 2, 3, 4, ...〉
which is faithful and finite-state.
e α1 α2 α3 ...
0|0, 1|1, 2|2
0|1, 2|2 2|2 2|2 2|2
1|0 0|0, 1|1 0|0, 1|1
Diagram 2
(2) Let l be an integer such that Hi 6= G for 1 ≤ i ≤ l and Hi = G
for l + 1 ≤ i ≤ s. Define H = H1 × ... × Hs and W = G ≀ K. Then
[W : H ] = s(m1...ml) and the endomorphism f : H →W given by
(h1, ..., hs) 7→ (h
f1
1 , ..., h
fs
s )
is well-defined. Let L be a subgroup of H , normal in W , and f -
invariant, and let g = (g1, ..., gs) ∈ L. Since K is a transitive group of
degree s follows that for each 1 ≤ i 6= j ≤ s there exists h ∈ K such
that (i)h = j. But
ghf =
(
g(1)h, ..., g(s)h
)f
=
(
g
f1
(1)h, ..., g
fs
(s)h
)
∈ L.
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Thus gr ∈ 〈K 6 ∩
s
i=1Hi | K ⊳ G,K
fi 6 K, ∀i = 1, ..., s〉 = {1} for
each r = 1, ..., s. Therefore L = {1} and G ≀K is self -similar of degree
s.(m1...ml).
On applying Proposition 3.1 and Proposition A we obtain:
(Z ≀ Z) ≀ C2 ≃ 〈σ = (0, 2)(1, 3), γ = (γ, e, α
σ, ασ), α = (e, α, e, e)(0, 1)〉;
that is, the group (Z ≀ Z) ≀C2 is generated by the following 5-state and
4-letter automaton:
e
α γ
ασ
σ
0|0, 1|1, 2|2, 3|3
0|2, 1|3, 2|0, 3|1
0|1, 2|2, 3|3
1|0 0|0
2|2, 3|3
3|2 1|1
0|0, 1|1, 2|3
Diagram 3

5. Proof of Theorem C
First we will prove the second case of Theorem C.
Proposition 5.1. Let G = Zl ≀ Zd. Then G is an automata group of
degree 4. In case d = 1, the degree is 3.
Proof. Denote Zl by A and Zd by X . Then, the normal closure of
A in G is AX and we have a semi-direct product form for the group
G = AX ·X .
Define the subgroups
H1 = A
X〈x21, x2, ..., xd〉,
H2 = H3 = G,
3⋂
i=1
Hi = H1.
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Also, for i = 1, 2, 3, define the homomorphisms fi : Hi → G which
extend the maps:
f1 : x
2
1 7→ x1, xi 7→ xi (2 ≤ i ≤ d) ,
a
x2n1 q(x2,x3...,xd)
i 7→ a
xn1 q(x2,x3...,xd)
i−1 , a
x2n+1
1
q(x2,x3...,xd)
i 7→ e ;
f2 : xi 7→ xi−1 (1 ≤ i ≤ d) ,
a
p(x1,x2...,xd)
i 7→ a
p(xd,x1...,xd−1)
i (1 ≤ i ≤ l) ;
and
f3 : X 7→ {e} ,
a
p(x1,x2...,xd)
1 7→ x
p(1,1...,1)
1 ,
a
p(x1,x2...,xd)
i 7→ e (2 ≤ i ≤ l)
Then, AX〈x2, ..., xd〉 is the f1-core of H1 and both H2, H3 are their
own f -cores.
Let K be the F-core ofH. Then K ≤ AX〈x2, ..., xd〉 and by applying
f2 we find K ≤ A
X .
Suppose K is non-trivial. Then, as K is normal in G it follows that
K+ = K ∩A
Z[X] is non-trivial. Elements h of K+ have an unique form
h = ap11 a
p2
2 ...a
pl
l
where pi = pi(x1, x2..., xd) ∈ Z [X ]. Define δxj (h) to be the maximum
xj-degree of pi for all i. If the maximum of all δxj (h) occurs for j = k
then by applying an adequate power of f2 to h, we may assume j = 1.
Choose an h ∈ K+ such that h 6= e and which involves a minimum
number of variables from {x1, x2..., xd}.
(1) Suppose pi is constant for all i. There exists j such that pj 6= 0.
Then on applying f3 to h we get x
p1
1 6= e ∈ K which is impossible.
(2) Write δx1 (h) = n then n 6= 0.
(2.1) Suppose n = 2k. Then on applying f1 to h we obtain h
′ 6= e and
δx1 (h
′) = k which is absurd.
(2.2) Suppose δx1 (h) = 2k + 1. Then conjugate by x1 to get
h′ = hx1 = a
p′
1
1 a
p′
2
2 ...a
p′
l
l ∈ K+,
p′i = pix1, δx1 (h
′) = 2k + 2.
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On applying f1 to h
′ we get h′′ ∈ K+ with δx1 (h
′′) = k + 1. Now,
k + 1 < 2k + 1, unless k = 0; that is, we have δx1 (h) = 1 and for all i,
pi = pi0 + pi1x1
where pi0, pi1 ∈ Z [x2..., xd]. Then, as before, for h
′ = hx1 we have
p′i = pi0x1 + pi1x
2
1 and h
′′ = (ap111 a
p21
2 ...a
pl1
l )
x1 ∈ K+\ {e}. Since
h′′′ = (h′′)
x−1
1 = ap111 a
p21
2 ...a
pl1
l ∈ K+\ {e}
which involves a lesser number of variables than h, we have a contra-
diction.
With notation of Proposition 5.1, a faithful self-similar representa-
tion of G = Zl ≀ Zd with respect the data
((2, 1, 1), {H1, H2 = G,H3 = G}, {f1, f2, f3})
and the transversals Ti of Hi in G defined by
T1 = {e, x1}, T2 = T3 = {e},
is
Gϕ = 〈γ1, ..., γl〉 ≀ 〈α1, ..., αd〉
where
γ1 = (γl, e, γ1, α1), γ2 = (γ1, e, γ2, e), ..., γl = (γl−1, e, γl, e),
α1 = (e, α1, αd, e)(0 1), α2 = (α2, α2, α1, e), ..., αd = (αd, αd, αd−1, e).
Therefore, Gϕ is finitely generated, finite-state and self-similar; that is,
G is an automata group. We note that if d = 1 then H2 and f2 are
superfluous. 
5.1. General concatenation. Let G1 = A1 ≀ U , G2 = A2 ≀ U and
G = (A1 ⊕ A2) ≀ U . For i = 1, 2, define the Gi-data (mi,Hi,Fi) ,
where mi = (mi1, ..., misi), Hi = {Hi1, ..., Hisi} and Fi = {fi1, ..., fisi}.
Furthermore, define the data G-data (m,H,F) , where m is the con-
catenation (m1,m2),
H =
{
H˜1j =
(
A2
U
)
·H1j (1 ≤ j ≤ s1)
}
∪
{
H˜2k =
(
A1
U
)
·H2k (1 ≤ k ≤ s2)
}
,
F ={f˜11, ..., f˜1s1, f˜21, ..., f˜2s2}
where f˜1j : H˜1j → G, 1 ≤ j ≤ s1, is defined by
f˜1j : ah 7→ h
f1j , for a ∈ A2
U , h ∈ H1j
and f˜2k : H˜2k → G, 1 ≤ k ≤ s2, is defined by
f˜2k : ah 7→ h
f2k , for a ∈ A1
U , h ∈ H2k.
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For i = 1, 2, let Gi has its state-closed representation with respect
to (mi,Hi,Fi) with Fi core Ki. Likewise, let G has its state-closed
representation with respect to (m,H,F) with F-core K.
Proposition 5.2. Maintaining the above notation:
(1)
K ∩ (A1 ⊕A2)
U = K1 (A2)
U ∩K2 (A1)
U ;
(2) Suppose the above state-closed representations of G1 and G2 are
faithful. Then so is the corresponding state-closed representa-
tion of G;
(3) If G1 and G2 are finite-state then G is also finite-state.
Proof. Define for i = 1, 2,
Ri = 〈S 6 ∩
si
j=1Hij | S ⊳ G, S
f˜ij 6 S, ∀j = 1, ..., si〉,
(1) We have
K = R1 ∩ R2,
R1 ∩ (A1 ⊕ A2)
U = K1 (A2)
U
,
R2 ∩ (A1 ⊕ A2)
U = K2 (A1)
U
,
K ∩ (A1 ⊕ A2)
U = K1 (A2)
U ∩K2 (A1)
U .
(2) As K1 = K2 = {e}, we find
K ∩ (A1 ⊕ A2)
U = (A2)
U ∩ (A1)
U = {e} .
Now since both K and (A1 ⊕A2)
U are normal subgroups of G,
it follows that K centralizes (A1 ⊕ A2)
U . However (A1 ⊕ A2)
U
contains its own centralizer in G. Thus, K = K ∩ (A1 ⊕ A2)
U
which is trivial by (1).
(3) There exist transversals of H11, ..., H1s1 in G1 and of H21, ...,
H2s2 in G2 such that G1 and G2 are finite-state. These transver-
sals also induce a finite-state representation of G.

Now Theorem C follows directly from the above proposition and
Proposition 5.1.
Question 1. Is there a faithful state-closed representation of degree 3
for the group Zl ≀ Zd when l, d ≥ 2?
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6. Proof of Theorem D
We start with the following observation. Let k be a field and X =
〈x, y〉 ≃ Z2. Consider the following equivalence relation on the k-
algebra k[X ] defined by:
p(x, y) ∼ q(x, y) iff q(x, y) = up(x, y), where u is a unit of k[X ].
Let p′(x, y) = xs.yt.p(x, y), where s, t ≥ 0 minimal such that p′(x, y) in
k[x, y]. Let m,n be respectively the x-degree and y-degree of p′(x, y)
and define δ(p(x, y)) = (m,n). Then, for p(x, y), q(x, y) non-invertible
elements of k[X ], δ(p(x, y)q(x, y)) ≥ δ(p(x, y)), δ(q(x, y)). Let pi(x, y)
be a sequence of non-invertible elements of k[X ] where i ≥ 0 and let
δ(pi(x, y)) = (mi, ni). Suppose mi, ni →∞ as i→∞. Then, the ideal⋂∞
i=0〈pi(x, y)〉 is null.
Theorem D. Let p a prime number then Cp ≀Z
2 is a self-similar group
of degree p+ 1 of orbit-type (p, 1). Indeed, Cp ≀ Z
2 is generated by α =
(α, ασ, ..., ασp−1, αβ), σ = (e, ..., e, σ)(0 1 ...p− 1) and β = (e, ..., e, α).
In particular, the group C2 ≀ Z
2 is self-similar of degree 3.
Proof. Let Cp = 〈a〉, Z
2 = 〈x, y〉 and G = Cp ≀Z
2. Define the subgroups
H1 = G
′〈x, y〉 and H2 = G. Note that [G : H1] = p. Elements of H1
have the unique form as(x,y) · xiyj where s(x, y) is an element of the
ideal I of Z〈x, y〉, generated by x − 1 and y − 1. Also, elements of I
have the unique form
s(x, y) = p(x)(x− 1) + q(y)(y − 1) + r(x, y)(x− 1)(y − 1).
Define f1 : H1 → G by a
s(x,y)xiyj 7→ aq(y)yj. Furthermore define f2 :
H2 → G by a
r(x,y)xiyj 7→ ar(y,xy)xjyi+j. It can be checked directly that
f1 and f2 are homomorphisms.
Suppose by contradiction that K is a non-trivial subgroup of H1 ∩
H2 = H1, normal in G and {f1, f2}-invariant. Note that the subgroup
L = K ∩ G′ is trivial if and only if K is trivial. Let g = as(x,y) be a
nontrivial element in L. So as(x,y)f1 = aq(y) and successive applications
of f1 in a
q(y) results q(y) = 0, thus x− 1 divides s(x, y).
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Since as(x,y)f2 = as(y,xy) ∈ L, it follows that x−1 also divides s(y, xy),
this is, s(y, xy) = (x− 1)t(x, y). Then
as(x,y) = a(s(y,xy))f
−1
2
= a((x−1)t1(x,y))f
−1
2
= a(x
−1y−1)t2(x−1y,x)
= ax
−1(y−x)t2(x−1y,x)
= a(x−y)t3(x,y)
and x − y divides s(x, y). Iterating this argument, we find that xni −
yni−1 divides s(x, y) for all ni, where ni is the Fibonacci sequence de-
fined by ni = ni−1 + ni−2 and n0 = 0, n1 = 1, n2 = 1, i ≥ 0. Hence
s(x, y) ∈
⋂∞
i=0〈x
ni − yni−1〉 = {0}; a contradiction. Therefore G is
state-closed of degree p+ 1 and orbit-type (p, 1).
Choose the transversals T1 = {e, a, ..., a
p−1} and T2 = {e} of H1
and H2, respectively. So we have a state-closed representation of G
generated by the automorphisms
σ = (e, e, ..., e, σ)(0 1), α = (α, ασ, ..., ασp−1, αβ), β = (e, e, ..., e, α).
Note that αmβn = (αm, (ασ)m, ..., (ασp−1)m, αm+nβm), for m,n ∈ Z,
hence {α, αβ, α2β, α3β2, ..., αniβni−1, ...} ⊂ Q(α) and this representa-
tion is not finite-state. 
Question 2. Is there a faithful finite-state and state-closed represen-
tation for the group C2 ≀ Z
2 of degree 3?
7. Proof of Theorem E
Let G be a state-closed group with respect the data (m,H,F), where
m = (m1, ..., ms), with m1 ≥ 2, ..., ms ≥ 2. For each i = 1, ..., s define
Gi0 = G, Gij = (Gi(j−1))
f−1i (j > 0) and Gωi = ∩j≥0Gij. With this
notation we have:
Theorem E. Let B be a finite abelian group and G be a self-similar
group of orbit-type (m1, ..., ms), with m1 ≥ 2, ..., ms ≥ 2. Then the
group
B((Gω1\G)×...×(Gωs\G)) ⋊Gs
is self-similar of orbit-type (|B|.m1...ms, 1).
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Proof. Let G be the group B((Gω1\G)×...×(Gωs\G)) ⋊Gs and let H be the
subgroup
∏s
i=1Hi of G
s. Define the set of s-tuples of cosets
U =
s∏
i=1
(Gωi \G)
and define the group extension
H =
{
φ : U → B finitely supported,
∏
g¯∈U
φ(g¯) = 1
}
⋊H.
Note that the index [G : H] is |B| ·m1...ms. Now consider the map
defined on the s-tuples of cosets.
λ :
s∏
i=1
(Gωi \Hi)→
s∏
i=1
(Gωi \G)
(Gω1h1, ..., Gωshs) 7→ (Gω1h
f1
1 , ..., Gωsh
fs
s ).
If (Gωihi)
λ = (Gωih
′
i)
λ, then (hi(h
′
i)
−1)fi ∈ Gωi for each 1 ≤ i ≤ s;
therefore λ is injective.
Define
λ′ :
s∏
i=1
(Gωi \G)→
s∏
i=1
(Gωi \G)
by
y¯ = (Gω1y1, ..., Gωsys) 7→ x¯ = (Gω1x1, ..., Gωsxs),
provided λ(x¯) = y¯; otherwise, define it as e¯ = (Gω1, ..., Gωs).
Furthermore, define the map χ1 : H → G
(φ, (hi)
s
i=1) 7→
(
x¯ = (Gω1x1, ..., Gωsxs) 7→ φ(λ
′(x¯)), (hfii )
s
i=1
)
.
Then it is direct to show that χ1 is a homomorphism.
Further, let χ2 : G → G be the homomorphism defined by
(φ, (g1, ..., gs)) 7→ ((Gωixi)
s
i=1 7→ φ((Gωixi+1)
s
i=1), (gi+1)
s
i=1)).
We claim that the state-closed representation of G defined by the
data ((|B|
∏s
i=1[G : ∩
s
i=1Hi], 1), {H,G}, {χ1, χ2}) is faithful.
Consider K ≤ H with K ⊳ G and Kχr ≤ K, r = 1, 2. Firstly,
the assumption that F is core-free and the definition of χ2 imply that
K ≤ B(R\G)
s
. Let φ : U → B be a non-trivial element in K, then∏
g¯∈U φ(g¯) = 1 and so |Supp (φ)| ≥ 2. Choose φ with support S,
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of minimal cardinality. Since φ is non-trivial we can assume by G-
conjugation that φ(Gω1 , ..., Gωs) 6= 1, and so (Gω1 , ..., Gωs) ∈ S and S
contains at least two elements.
Define φj = φ
χ
j
1 for j ≥ 0; it is given by φj(Gω1a
f1
1 , ..., Gωsa
fs
s ) =
φ(j−1)(Gω1a1, ..., Gω1as) for all (a1, ..., as) ∈ G1j× ...×Gsj , extended by
the identity away from (G1j × ...×Gsj)
λ. So
φ1 : Gω1 \H
f1
1 × ...×Gωs \H
fs
s → B
(Gω1a
f1
1 , ..., Gωsa
fs
s ) 7→ φ(Gω1a1, ..., Gω1as)
and
Supp(φ1) = {(Gω1a
f1
1 , ..., Gωsa
fs
s ) | (Gω1a1, ..., Gωsas) ∈ S}
= Gω1(S
pi1 ∩H1)
f1 × ...×Gωs(S
pis ∩Hs)
fs,
where pii, i = 1, ..., s, is the projection on the i-th coordinate.
If (Gω1a
f1
1 , ..., Gωsa
fs
s ) ∈ Supp(φ1) then (Gω1a1, ..., Gωsas) ∈ S and so
|Supp(φ1)| ≤ |S|. By minimality of the cardinality of S we have that
|Supp(φ1)| = |S|. Continuing in this manner, the support of φj is
Gω1(S
pi1 ∩G1j)
f1 × ...×Gωs(S
pis ∩Gsj)
fs,
which has the same cardinality as S. Therefore, we have S ⊂ (G1j, ..., Gsj)
for all j and thus S ⊂ {(Gω1, ..., Gωs)}; a contradiction.

Corollary 7.1. Let B be a finite abelian group and G be a self-similar
group with orbit-type (m1 > 1, ..., ml > 1, ml+1 = 1, ..., ms = 1). Then
there exist proper subgroups Rl+1, ..., Rs of G such that
B((Gω1\G)×...×(Gωl\G)×(Rl+1\G)×...×(Rs\G)) ⋊Gs
is a self-similar group of orbit-type (|B|.m1...m
s−l+1
l , 1).
Proof. For each l + 1 ≤ j ≤ s the restriction f˙j = fj : H˙j = Hl → G is
well-defined. Define the triple (m˙, H˙, F˙) by
m˙ = (m1, ..., ml, ml, ..., ml), H˙ = {H1, ..., Hl, H˙l+1 = Hl, ..., H˙s = Hl},
F˙ = {f1, ..., fl, f˙l+1, ..., f˙s}.
and Rj the parabolic subgroup of f˙j for j = l + 1, ..., s. Since G has a
faithful state-closed representation with respect to the data (m,H,F),
the same holds for the representation with respect to the data (m˙, H˙, F˙);
in fact the F-core ofH and the F˙-core of H˙ are the same. Since mi > 1
for each mi in m˙, we apply Theorem E to obtain the result. 
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